In the present paper, some new and compact basis-free expressions are derived for representing stresses conjugate to the Lagrangean Hill's strain measures. Solving a tensor equation in the form of AX + XA = C, a rather simple general expression is obtained for the conjugate stresses in the case of distinct principal stretches. The result decomposes the conjugate stresses additively into two parts, such that one part is coaxial with the right stretch tensor while another part is orthogonal to it. An expression for the case of double-coalescent principal stretches is also obtained. As an example of the general results, simple expressions are obtained for the stress conjugate to the logarithmic strain.
Introduction
We consider an infinitesimal element of a deforming body. The power of surface and body forces imposed on the element may generally change the kinetic and internal energy of it. That part of the power of the forces which changes the internal energy is called the stress power. The stress power may be expressed per unit volume of the element in either the reference or current configuration. The stress power _ w per unit reference configuration volume is written in terms of the Cauchy stress tensor r as follows (Xiao, 1995) .
where J denotes the ratio of volume of the element in the current configuration to the reference configuration, the symmetric tensor D stands for the rate of deformation tensor, i.e. the symmetric part of the velocity gradient, and the sign: represents the double scalar product. Let {k i } and {N i } be the eigenvalues and some corresponding orthonormal eigenvectors of the right stretch tensor U, respectively, so that its spectral representation is written as 
The eigenvalues {k i } are called the principal stretches. Also, the eigenvectors {N i } determine the Lagrangean triad. It is noted that the right stretch tensor is symmetric and positive-definite, and in the case of non-distinct or coalescent principal stretches the Lagrangean triad can not uniquely be determined. A general class of Lagrangean strain measures was defined by Hill as (Hill, 1968 (Hill, , 1978 :
where the scale function f(Á) is an arbitrary strictly-increasing continuously differentiable scalar function satisfying conditions f(1) = 0 and f 0 (1) = 1. Also, the symbol represents the dyadic or tensor product. If in the special case, f(Á) is selected in the form of f(k) = (k n À 1)/n with n as an arbitrary integer, then the Seth's class of strains (Seth, 1964) with the notation E (n) are obtained. For example, the Nominal strain E (1) = (U À I), the Green's strain E (2) = (U 2 À I)/2 and the logarithmic strain E (0) = lnU are strain measures in the Seth's class that are given by the scale functions f(k) = (k À 1), f(k) = (k 2 À 1)/2 and f(k) = lnk, respectively. The concept of work conjugacy was introduced by Hill (1968) and Macvean (1968) . According to this concept, a symmetric stress tensor T is conjugate to the Lagrangean strain measure E if the double scalar product of T and material time rate of E produces the stress power, i.e.
where T ij and _ E ij are the components of the symmetric tensors T and _ E with respect to a Cartesian coordinate system. The tensors conjugate to E
(1) , E (2) and E (0) are commonly used stresses and are called as the Biot stress T
(1) , the second Piola-Kirchhoff stress T (2) and T (0) , respectively. In the study of nonlinear continuum mechanics, strain measures, their rates and their conjugate stresses are basic quantities (Hill, 1978; Guo and Dubey, 1984; Ogden, 1984) . Finding expressions for these basic quantities has been a popular issue among researchers in the past decades. Now, we give a short review of the results on Lagrangean conjugate stresses. Hill (1978) derived component-form expressions for the stress tensor T (f) conjugate to an arbitrary Hill's strain E (f) on the Lagrangean triad in terms of the components of Kirchhoff stress tensor s = Jr. Intrinsic or basis-free expressions for the stress T (0) conjugate to the logarithmic strain E (0) = lnU were derived by Hoger (1987) . Wang and Duan (1991) obtained basis-free or invariant-form expressions for the stress conjugate to an arbitrary Hill's strain measure in terms of the back rotated Cauchy stress, R T r R, where R is the rotation tensor of the deformation relative to the reference configuration. Also, basis-free expressions for the stress conjugate to an arbitrary Seth's strain measure, excluding n = 0, were derived by . Xiao (1995) derived basis-free expressions for the stress conjugate to an arbitrary Hill's strain measure in terms of the Biot(-Jaumann) stress tensor T (1) . Dui et al. (2000) have also derived some basis-free expressions for the stress tensor conjugate to an arbitrary strain of Seth's strain measures, excluding n = 0, in terms of T (1) . Farahani and Naghdabadi (2000) obtained the relation between components of two stress tensors conjugate to arbitrary strains of Seth's class on the Lagrangean triad. They also derived expressions relating the components of two stress tensors conjugate to arbitrary Hill's strain measures and obtained some basis-free expressions between these stress tensors (Farahani and Naghdabadi, 2003) . In the mentioned works Lagrangean conjugate stresses, which is the subject of this paper, have been studied. It is stated that there are also some works on Eulerian conjugate stresses (see Nicholson (2003) , , and on Two-Point conjugate stresses (see Bock and Holzapfel (2004) , ).
The tensor equations in the following form
have been dealt greatly in the literature for the study of nonlinear continuum mechanics. In these equations, A and C are known, and X is the unknown second-order tensor, where A is symmetric and positive-definite. Some different solutions or identical solutions based on different methods for this tensor equation have been obtained by Sidoroff (1978) , Dienes (1979) , Guo (1984) , Hoger and Carlson (1984) , Mehrabadi and NematNasser (1987) , Scheidler (1994) , Dui (1999) and Rosati (2000) . In this paper, new and simple basis-free expressions are derived for the stress T (f) conjugate to an arbitrary Lagrangean Hill's strain measure E (f) . The result for the case of distinct principal stretches is obtained through decomposing the stresses into two orthogonal parts, such that one part is coaxial with the right-stretch tensor. Then, basis-free expressions for each of these two parts are obtained. The off-diagonal part of the conjugate stress is determined by developing a tensor equation for it in the form of (5) and use of the solution presented for this equation by Hoger and Carlson (1984) . Also, the corresponding results for the cases of coalescent principal stretches are presented. As an example for the application of the provided general results, new and compact expressions for the stress conjugate to the logarithmic strain is derived.
Preliminaries
We consider a symmetric positive-definite tensor such as U whose number of distinct eigenvalues are equal to m. Let k 1 , . . . ,k m be the distinct eigenvalues of U and P 1 , . . . ,P m be the corresponding symmetric eigenprojections. These eigenprojections can be written in terms of U and its eigenvalues as (Luher and Rubin, 1990 )
It is noted that the summation convention is not used over indices in this paper. Using the eigenprojections, we can write the Hill's strain measures E (f) as
Using the representation theorem for isotropic tensor valued functions, E (f) can also be written in the following form
where the coefficients a i are scalar invariants of U which are uniquely determined in the case of distinct or noncoalescent principal stretches. Moreover, in view of Eqs. (3) and (8), it can be deduced that
In the case of double coalescent principal stretches, it is possible to write E (f) and f(k i ) uniquely in simpler forms as
and
where the coefficients a i are isotropic scalar-valued functions of U. Finally, in the case of triple-coalescent principal stretches, i.e.
In the case of distinct principal stretches, i.e. m = 3, by substituting the eigenprojections from Eq. (6) into Eq. (7) and then comparing the result with Eq. (8), the invariant scalars a i of E (f) can be obtained as (see also Man (1994) )
where D is expressible in terms of the principal stretches as
Here and henceforth, the summation P i is to be carried out for all even permutations (i, j, k) of the set (1, 2, 3). If D = 0, at least two of the three principal stretches are equal. The parameter D 2 is a scalar invariant of U and it is possible to express D 2 in terms of its principal invariants ( (Xiao, 1995) :
Once having the principal invariants of U, by use of Eq. (15) it is easy to check that whether the three principal stretches are distinct or not.
In the case of double-coalescent principal stretches, i.e. m = 2, with the assumption
by substituting the eigenprojections from Eq. (6) into Eq. (7) and then comparing the result with Eq. (8), we arrive at
In the case of double-coalescent principal stretches, D 2 = 0 and
Moreover, the principal stretches may be calculated from the principal invariants from :
It is noted that in the case of triple-coalescence, D 2 = 0 and
Þ with respect to a Lagrangean triad, are related to those of _ U through (Ogden, 1984 )
where
. Basis-free expressions for the stress T (f) conjugate to E (f) Recalling that the Biot stress T (1) is conjugate to the nominal strain E (1) = U À I, and also in view of Eqs. (4) and (19), the following component-form identity with respect to a Lagrangean triad for the stress power can be written:
It is noted that the right-stretch tensor U is assumed to be a continuously differentiable function of time in any point of the deforming body. Since the symmetric components _ U ij vary independently, in general, it can be concluded that (Ogden, 1984 )
Combination of Eqs. (20) and (22) implies the following relation between the diagonal components of T (f) and T
(1) on any Lagrangean triad
ii ; i ¼ 1; 2; 3:
In the following, we consider different cases of distinct and coalescent principal stretches and obtain the corresponding basis-free expressions for T (f) .
3.1. Stress T (f) in the case of distinct principal stretches
Considering an arbitrary symmetric second-order tensor such as B with components B ij on the Lagrangean triad, it can be decomposed as
where Consider S d as an arbitrary tensor with zero off-diagonal components on the Lagrangean triad. Being trivially
by use of Eqs. (4) and (24) we write
The parameter _ w 1 ð _ w 2 Þ is a part of the stress power produced by interaction of the diagonal (off-diagonal) components of T (f) and _ E ðf Þ . By use of Eqs. (19), (22) and (26), it can be written
With the aid of Eq. (8), we write the rate of E (f) as
It is noted that the scalars a i , given by Eqs. (13), are differentiable functions of the principal stretches in the case of distinct principal stretches, when the scale function f(Á) is continuously differentiable (Man, 1994 (Man, , 1995 . Also the principal stretches, as the eigenvalues of the continuously differentiable time dependent tensor U, are differentiable functions of time (Kato, 1982) . Hence, the scalars a i are differentiable functions of time so that Eq. (28) is valid. The off-diagonal components of the first three terms on the right-hand side of this equation vanish. Hence, the off-diagonal components of the other terms are identical with those of _ E ðf Þ . Thus, in view of Eqs. (25) and (27), we write
From this, it can be deduced that
Due to the arbitrariness of _ U, we conclude
where tensor A, which is coaxial with the right-stretch tensor, is written as 
where I A ,II A ,III A are the principal invariants of A. This solution is valid if the denominator is nonzero (Scheidler, 1994) . By replacement of C with T 
Clearly, this result is valid if the denominator is nonzero, i.e. (I A II A À III A ) 6 ¼ 0. Tensor A defined by (32) is such that this condition is satisfied. To see this fact, denoting the eigenvalues of A by A i and considering the representation of the principal invariants of A in terms of its eigenvalues as
it is easy to find that
Eq. (32) implies that A i = a 1 /2 + a 2 k i . Hence, we have
On the other hand, from Eq. (9) one can write
is also positive, so that (I A II A À III A ) is always nonzero. Eq. (23) relates the diagonal components of T (f) and T (1) on the Lagrangean triad. This equation can be expressed in the basis-free form as
where E ðf 0 Þ is a tensor similar to the class defined in Eq. (3) with the scale function f 0 (Á), i.e.
so that we write
To obtain a basis-free expression for E ðf 0 Þ À1 , by comparing Eq. (37) with (3) we conclude that similar to Eqs. (8) and (13) it can be written
For obtaining basis-free expressions for T (f) , it is needed to express T 
To obtain invariant expression for T
d , first we write the following identity k
The characteristic equation of U, i.e.
and Eq. (41) can be used to write
In view of Eqs. (2) and (43), a tensor identity can be concluded as
Now, with Eq. (44) in hand, we write a basis-free expression for T
It is noted that K is invertible. This fact can be seen from the following relation
where K i denotes an eigenvalue of K. Since the distinct principal stretches are always positive, the eigenvalues of K are different from zero, so that K is invertible. The determinant of K is expressible as
Let b K be the adjoint of K. Hence, we substitute K À1 ¼ b K= detðKÞ in Eq. (45) to arrive at
Representing T
d by Eq. (48) is motivated by the fact that computation of b K is simple, even simpler than computation of K 2 , such that each component b K ij of b K with respect to any coordinate system with orthonormal basis is the sum of two products of the components K ij , while each component of K 2 is the sum of three products of K ij (Ting, 1996) .
Finally, combination of Eqs. (24), (34) and (35) results in a compact basis-free expression for T (f) in the case of distinct principal stretches as
with E ðf 0 Þ , A, T ð1Þ d and T
o as defined in Eqs. (36), (32), (48) and (40), respectively. For obtaining conjugate stresses in special cases, it suffices to calculate the appropriate scalar invariants a 1 ,a 2 ,b 0 ,b 1 and b 2 corresponding to the specific scale function f(Á) by use of Eqs. (13) 
.
Stress T (f) in the cases of coalescent principal stretches
For obtaining basis-free expressions in the case of double-coalescent principal stretches without loss of generality let
Considering an arbitrary symmetric second-order tensor B with components B ij on the Lagrangean triad, we define
where N 2 and N 3 are any two perpendicular unit vectors in the plane normal to the N 1 , i.e. the corresponding eigenvector of k 1 . Also, we consider the following identity
where the invariant i 1 is expressed as
It is possible to write
It is noted that i 2 1 À 4i 2 ¼ ðk 1 À k 0 Þ 2 6 ¼ 0, because of assuming k 1 6 ¼ k 0 . By combination of Eqs. (2), (50), (52) and (54) we obtain the following expression for T ð1Þ d in terms of T
(1) and U
Using the identity U 2 = i 1 U À i 2 I for the case of double-coalescence, Eq. (56) is simplified to
In view of Eqs. (19), (22) we write
Since on the Lagrangean triad the off-diagonal components of T
o , except (2, 3) and (3, 2) components, vanish we can write T
o : _ U. So, we have
In this step, _ E ðf Þ o is replaced with an expression in terms of _ U. By use of Eq. (10), we write the rate of E (f) in the case of two repeated principal stretches as
It is obvious that the off-diagonal components of the first two terms on the right-hand side of Eq. (60) (59) and (60), we get
Due to the arbitrariness of _ U, it is deduced that
In this step T ðf Þ d is obtained. Using Eqs. (20) and (22), in the case of k 2 ¼ k 3 :¼ k 0 we may write
: ð63Þ
By combining this result with Eq. (35) for the relation between diagonal components of T (f) and T
, and recalling that E
with ðE ðf 0 Þ Þ À1 as defined in (37). To obtain a basis-free expression for ðE ðf 0 Þ Þ À1 in the case of double-coalescent principal stretches, by comparing Eq. (37) with (3) we conclude that similar to Eqs. (10) and (16) it can be written
Finally, combining Eqs. (62) and (64), we write a basis-free expression for T (f) in the case of double coalescent principal stretches as
with E ðf 0 Þ À1 and a 1 as given by Eqs. (65) and (16) 
on using Eqs. (20) and (22). This equation implies the following well-known basis-free expression for T (f) in the case of triple coalescent principal stretches (Xiao, 1995) :
Example
As an example, new representations of stress T (0) conjugate to the Lagrangean logarithmic strain E (0) = lnU are determined by applying the general results of previous sections. The scale function of lnU is f(k) = lnk. Hence, from Eqs. (13) and (16) we get the invariants scalars a 1 , a 2 and a 1 for E (0) as follows
Since f 0 (k) = (lnk) 0 = 1/k, with the aid of Eq. (36) we get
In view of Eq. (32) and by substituting Eq. (71) into (49), we obtain a simple and compact representation for T (0) in the case of distinct principal stretches as follows (45) and (40), respectively. The result of this section for the stress conjugate to the logarithmic strain is simple comparing with those available in the literature.
By substituting Eqs. (70) and (71) into (67), we get T (0) in the case of double-coalescent principal stretches, with the assumption k 1 6 ¼ k 2 ¼ k 3 :¼ k 0 , as
where T 
Conclusions
In this paper some new and compact general basis-free expressions are provided for the stress T (f) conjugate to an arbitrary Hill's strain measure E (f) . In the case of distinct principal stretches Eq. (49) is the corresponding result, which is simpler than those available in the literature. Moreover, Eq. (49) has some merits in the sense that it decomposes T (f) into two orthogonal parts. One part is T As an example, the stress conjugate to the special case of Lagrangean logarithmic strain E (0) = lnU is presented in Section 4. Eq. (72) expresses stress T (0) conjugate to the logarithmic strain in the case of distinct principal stretches which is a new and simple basis-free result.
